The purpose of this paper is to confirm the Weinstein conjecture for Stein surfaces with boundary whose canonical bundles are non-trivial. The key ingredient in the proof is a theorem of Taubes which provides the existence of pseudo-holomorphic curves in a symplectic 4-manifold with b + > 1 representing the Poincare dual of the canonical class and a theorem of Lisca and Matic which embeds the Stein surface with boundary symplectically into a Kahler surface with b + > 1.
Let (N, ω) be a symplectic manifold, S ⊂ N a hypersurface. If f : N → R has S as a regular level surface (i.e. f |S is constant and df is nowhere zero along S), then the Hamiltonian vector field ξ f is tangent to S. There is a question about the existence of periodic orbits of ξ f on S. Note that if S is also a regular level surface of another function g, then the Hamiltonian vector field ξ g is equal to σξ f for some nowhere zero function σ on S. Therefore the periodic orbits of ξ f is determined by S itself; only their parameterization depends on the choice of f . The 1-dimensional distribution L S ⊂ T S generated by ξ f admits another geometric description. It is the characteristic distribution of the pull back ω S of the symplectic form ω to S, i.e. L S consists of those vectors v for which i(v)ω S = 0.
A hypersurface S in a symplectic manifold (N, ω) is said of contact type if there is a 1-form α on S such that:
1. dα = ω S 2. α(v) is non-zero for every non-zero vector v in L S . We call α a contact form for S.
Based on a series of papers of Rabinowitz, Weinstein ([W] ) has proposed the following conjecture.
Weinstein Conjecture:
If S in (N, ω) is a compact hypersurface of contact type with H 1 (S, R) = 0, then the characteristic distribution L S has a closed orbit.
A Stein manifold is a complex manifold which can be embedded as a proper (complex) submanifold of C N . Any Stein manifold X admits a smooth strictly plurisubharmonic function ϕ, namely a smooth function which is strictly subharmonic on any holomorphic curve in X (see [EG] ). A Stein manifold with boundary is a smooth manifold with boundary W having a Stein structure in its interior and admitting a smooth strictly plurisubharmonic function ϕ which has ∂W as a regular level surface ( [G] ). It is a well-known fact that any Date: March 16, 2008. Stein manifold X with a strictly plurisubharmonic function ϕ on it is a symplectic manifold with the symplectic form ω = d(J * (dϕ)) where J * is the dual of the complex structure on X, and any regular level surface of ϕ is of contact type.
The main result of this paper is the following Main Theorem: Let X be a Stein surface with a strictly plurisubharmonic function ϕ on it. (X, ω) is a symplectic manifold with ω = d(J * (dϕ)) where J * is the dual of the complex structure on X. For any regular value c of ϕ, if the canonical bundle of X c = {x ∈ X|ϕ(x) ≤ c} is non-trivial, then the characteristic distribution on ∂X c = ϕ −1 (c) has a closed orbit.
This work is inspired by the recent work of Hofer and his joint workers on the 3-dimensional contact dynamics in which the pseudo-holomorphic curve method is exploited ( [HK] ). In [H] Hofer proved the Weinstein conjecture for many cases. Our result is somehow complement to Hofer's results. For details and related development on Weinstein conjecture, see [H] or [HK] .
A key ingredient in the proof is a theorem of Taubes concerning certain Gromov invariants of symplectic 4-manifolds with b + > 1 via Seiberg-Witten theory. In particular, we need the following Theorem 1 (Taubes [T] ) Let (X, ω) be a closed symplectic 4-manifold with b + > 1 and non-trivial canonical bundle K. Then, for a generic ω-compatible almost complex structure J, there is an embedded Jholomorphic curve Σ in X (may have several components) which represents the Poincare dual of the canonical class K. Moreover, the genus of Σ is equal to K 2 + 1 by the adjunction equality.
We would like to remark that the method in this paper could be applied to higher dimensions, but the analogue non-vanishing theorem of Gromov-Witten invariants is missing. Another important fact that we need is a theorem of Lisca and Matic.
Theorem 2
(Theorem 3.2 in [LM] ) Let X be a Stein surface with a strictly plurisubharmonic function ϕ : X → R. Let c be a regular value of ϕ and X c = {ϕ ≤ c} ⊂ X. Then there exists a holomorphic embedding of X c into a Kahler surface S with b + (S) > 1 such that the pull back of the Kahler form is equal to d(J * (dϕ)) where J * is the dual of the complex structure.
Let's first recall some basic facts about pseudo-holomorphic curves (or maps) in (or into) a hermitian manifold. Suppose (N, J) is an almost complex manifold with almost complex structure J : T N → T N. A C 1 map f from a Riemann surface (Σ, j) with complex structure j into (N, J) is said to be pseudo-holomorphic if the equation J • df = df • j holds. The image of f is called a pseudo-holomorphic curve in (N, J). If we choose a Riemannian metric µ on Σ in the conformal class of j and a hermitian metric h on (N, J), the energy of a map f : Σ → N is then
The integrand in this expression depends on the choice of the metric µ, but E(f ) depends only on the conformal class j. For a pseudo-holomorphic map f : (Σ, j) → (N, J, h), the area of the image of f measured with the metric h is equal to the energy of f :
Let (N, ω) be a symplectic manifold of dimension 2n. Since U(n) is a deformation retract of Sp(2n) -the 2n-dimensional symplectic group, the tangent bundle of (N, ω) admits an almost complex structure and any two such structures are homotopic. An almost complex structure J on (N, ω) is said to be ω-compatible if ω(·, J·) is a hermitian metric on (N, J). It is a well-known fact that the space of all ω-compatible almost complex structures is nonempty and contractible ( [Gr] , [McS] ). In a symplectic manifold (N, ω), for any ω-compatible almost complex structure J and the associated hermitian metric h = ω(·, J·), we have
for a pseudo-holomorphic map f : Σ → N. In particular, the pseudo-holomorphic maps (curves) representing a fixed homology class in N have uniformly bounded energy (area).
In fact, they are absolutely area minimizing in the homology class, and the images are minimal surfaces. Any C 1 pseudo-holomorphic map into an almost complex manifold (N, J) is smooth, and a sequence of pseudo-holomorphic maps f n : (Σ, j, µ) → (N, J, h) with uniform C 0 bound on the gradient df (in fact only need uniform L p bound for p > 2) has a C ∞ convergent subsequence on any compact subset of Σ. We particularly need the following well-known local properties of pseudo-holomorphic maps (curves) into (in) hermitian manifolds.
Lemma 3
(Energy estimate, see [Wo] , [PW] ) Let (Σ, j, µ) be a compact Riemann surface and (N, J, h) be a hermitian manifold with bounded geometry. Suppose U ⊂ Σ is an open subset such that U ∂Σ = ∅. Then there exist constant C, ε > 0 such that for any pseudo-holomorphic map f : Σ → N with
on a geodesic disc in U centered at z ∈ U with radius 2r, the following estimate holds:
Lemma 4 (Monotonicity, see for example [PW] ) Let (N, J, h) be a hermitian manifold with bounded geometry. Then there exist constant C 0 , r 0 > 0 with the following property: let (Σ, j) be a compact Riemann surface with boundary, for any pseudo-holomorphic map f : (Σ, j) → (N, J), if f (∂Σ) lies outside of a closed r-ball B r (f (p)) in N for some p ∈ Σ \ ∂Σ and r ≤ r 0 , the following inequality holds:
The Proof of Main Theorem: Let X be a Stein surface with a strictly plurisubharmonic function ϕ, understood as a symplectic manifold with the symplectic form ω = d(J * (dϕ)) where J * is the dual of the complex structure on X. Suppose c is a regular value of ϕ and X c = {ϕ ≤ c} has non-trivial canonical bundle. For simplicity, we denote X c by W and ∂X c by Y .
The proof consists of three steps.
Step 1: By Theorem 2, there is a Kahler surface X with b + > 1 having W as a domain (with boundary) in X and the symplectic form ω = d(J * (dϕ)) equals to the restriction of the Kahler form to W . There is a collar neighborhood (−δ, δ) × Y of Y = ∂W in X such that the Kahler form has the form of d(e t α) where t is the outward normal coordinate and α is the contact form J * (dϕ) on Y . Let X 1 be the 4-manifold obtained by cutting X open along Y and then inserting a cylinder [0, 1] × Y into it. Then X 1 is also a symplectic manifold with a symplectic form ω 1 given by
Here ρ(t) is a fixed smooth function on (−δ, 1 + δ) such that ρ ′ (t) > 0 and ρ(t) = e t on (−δ, − Then there is a diffeomorphism g l : X l → X 1 given by g l = (σ l , id) on the neck and identity on the rest, and X l is a symplectic manifold with the pull back symplectic form ω l = g * l ω 1 . Note that the canonical class K l of (X l , ω l ) is the pull back of the canonical class K 1 of (X 1 , ω 1 ) via g l .
On the 3-manifold Y with the contact form α = J * (dϕ), the Reeb vectorfield v is defined by i(v)dα = 0 and α(v) = 1. In fact the Reeb vectorfield v generates the characteristic distribution L Y on Y . So a closed orbit of L Y is often called a closed Reeb orbit. On each symplectic manifold (X l , ω l ), there is a preferred ω l -compatible almost complex structure J l , which is defined as follows: on the neck [0, l] × Y , J l restricts to a fixed almost complex structure on the contact plane ξ = {α = 0} which is compatible to the symplectic form dα| ξ and J l (
, and J l extends over to the rest of (X l , ω l ) and equals to the complex structure J wherever ω l equals to the Kahler form. Note that J l may not be generic in the sense of the theorem of Taubes (Theorem 1), but we can assume that J l is generic for simplicity. Otherwise, one can choose a generic ω l -compatible almost complex structure J
−l and works with (X l , ω l , J ′ l ). Therefore, by Theorem 1, there is an embedded pseudo-holomorphic curve Σ l in (X l , ω l , J l ) (may have several components) representing the Poincare dual of the canonical class K l , and the genus of Σ l is equal to K 2 l + 1 = K 2 1 + 1. Note that there is at least one component of each Σ l passing through the inside of both W ⊂ X l and X \ W ⊂ X l since W has non-trivial canonical class by the assumption, and the symplectic form ω l is exact on
Step 2: Choose a sequence of l n → ∞ and from now on replace each subscript l n by n for simplicity. Let h n be the hermitian metric on (X n , ω n , J n ) defined by h n = ω n (·, J n ·), and h 0 be the hermitian metric on R × Y defined with the 2-form dt ∧ α + dα and the almost complex structure used to define each J n on the neck. First note that the area of Σ n in (X n , J n , h n ) is uniformly bounded by a constant c(= Area h 1 (Σ 1 )). Therefore, on each neck [0, l n ] × Y , there is a sub-neck I n × Y with |I n | = δ 0 for some small δ 0 > 0 such that both
Step 1) and ε is chosen by Lemma 3 (Energy estimate) for the hermitian metric h 0 on R × Y and the cylinder [0, 1] × S 1 (S 1 has unit length) with the standard complex structure and metric.
For any regular t ∈ I n , Σ n ({t} × Y ) is a collection of circles {γ i,n }. Next we prove that there is a constant c 1 > 0 such that for each n, there is a γ i,n such that the integral γ i,n α ≥ c 1 (with the correct orientation), where α = J * (dϕ) is the contact form on Y . The proof goes as follows. First observe that if S n denotes the pseudo-holomorphic curve bounded
, then Area hn (S n ) ≥ c 2 for some constant c 2 > 0 by Lemma 4 (Monotonicity). This is because there is at least one component of S n passing through the inside of W . So we have γ i,n ρ n (t)α ≥ c 2 , where function ρ n = ρ • σ n has bounded values in (a, b) (see Step 1). Note that each γ i,n ρ n (t)α is positive, so if our claim is not true, then the number of {γ i,n } is not uniformly bounded in n. On the other hand, consider the other part of the pseudo-holomorphic curve Σ n \ S n , the number of components of Σ n \ S n (with boundary in {γ i,n }) going through the inside of
is uniformly bounded in n because of the uniform boundedness of the genus of Σ n and the monotonicity of pseudo-holomorphic curves (Lemma 4). The rest is inside of W ([0, l n ]×Y ) where the symplectic form ω n is exact. Therefore there are finitely many (uniform in n) γ i,n for each n which bound a pseudo-holomorphic curve S
where the symplectic form ω n is exact and Area hn (S ′ n ) ≥ c 2 . But the integral of α over these finitely many (uniform in n) γ i,n goes to zero as n → ∞, which is a contradiction to Area hn (S ′ n ) ≥ c 2 . Therefore our claim is proven.
For simplicity, we assume that the coordinate function t on each Σ n (I n × Y ) is a Morse function (otherwise approximate t by a Morse function just as we did for the almost complex structure J n ). For each n, choose a sub-interval I 1 n of I n such that the endpoints of I δ 0 . Our next goal is to prove that for each n there is an annulus A n in Σ n (I n × Y ) such that 1. ∂A n is in Σ n ({t} × Y ) for some regular t = x n , y n in I 1 n , and |x n − y n | = δ 1 > 0, 2. the left boundary component of A n has integral of α greater than a constant c
ε (ε is chosen by Lemma 3).
First of all, for each n, choose a component F n of Σ n (I 1 n × Y ) such that the integral of α over one of its left boundary component γ n is greater than or equal to the constant c 1 > 0. Secondly, we construct a graph as follows. We start with γ n as our first vortex, with two edges attached. For each critical point of the Morse function t with index 1, we add a vortex with two edges in the obvious way. We connect γ n with one of the right-hand side boundary component of F n by a line segment I through the graph such that the vortexes on I are critical points in I 1 n , and the circle in F n cut by each regular {t} × Y which belongs to the part represented by I has integral of α greater than a constant c ′ 1 > 0 ( this fact can be proven by a similar argument as in the previous paragraph). Then we put the vortexes on I (critical points with Morse index 1) into three groups as follows. Group i) consists of those vortexes who is the first vortex or the last vortex of a closed cycle of the graph involving part of the line segment I. Group ii) consists of those vortexes who start a sub-graph of the graph (never connected to I through another vertex) such that there is a closed cycle in this sub-graph. Group iii) consists of those who start a sub-graph which is a tree. Since the genus of Σ n is uniformly bounded, the number of elements in Groups i), ii) is uniformly bounded (in n). Consider those elements in Group iii) whose sub-graph intersects the boundary of I n × Y . The claim is that the number of these elements in Group iii) is also uniformly bounded. The reason is that each component of the pseudo-holomorphic curve in (I n \I 1 n )×Y with boundary on both of the boundaries of I n × Y and I 1 n × Y has h 0 -area bounded from below by a constant c 3 > 0 uniformly in n by Lemma 4 (Monotonicity). Therefore there is a sub-interval I 2 n of I 1 n with |I 2 n | = δ 1 > 0 (both endpoints are regular) such that there is no critical point in Groups i), ii) or in the set of those "bad" elements in Group iii). It is easy to see that the two circles cut by ∂I 2 n × Y which are on the part of the pseudo-holomorphic curve represented by the line segment I bound an annulus in Σ n (I n × Y ). This is our required annulus A n .
Step 3: First we recall some facts from the classical theory of Riemann surface. Let A be an annulus (topologically [0, 1] × S 1 ) with a smooth Riemannian metric µ. The complex structure determined by µ has a uniformization. More precisely, A is holomorphically equivalent to the product [0, L] × S 1 with standard complex structure and metric (S 1 has unit length). L is called the modulus of A, and is given by
over smooth functions u on A which take the value 0 on one boundary component and 1 on the other (see [P] ). For our purpose here, we need to prove that the modulus L n of our annulus A n has a uniform lower bound. This goes as follows. Consider the coordinate function t on A n . Let t = x n on the left boundary component and t = y n on the right. Define a smooth function t n on A n by t n = δ ] × S 1 is uniformly bounded. By the regularity theory of pseudo-holomorphic maps, (after applying a possible translation to f n ) {f n } has a C ∞ convergent subsequence on [ γ α is non-zero, then it is easy to see that γ must be a closed Reeb orbit, which proves the Main Theorem. Suppose that γ α = 0. Consider γ n = f n ({ L 2 } × S 1 ). By Property 2 of the annulus A n , we have γn ρ n α > ac ′ 1 > 0 where ρ n = ρ • σ n (see Step 1) converges to a non-zero constant function. This is a contradiction to γ α = 0.
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